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Abstract--This paper describes three alternative finite dil~erence methods applied to a model of 
the otolith membrane. The in-plane displacement ofa thin elastic membrane is modeled by a second- 
order system of elliptic partial differential equatious with a fixed boundary closely matching the shape 
of the otolith membrane. The first two finite difference methods impose a rectangular g id over the 
shape of the otolith membrane and use different boundary extrapolation schemes applied to boundary 
conditions. The third method m~es an optimization technique to generate a non-uniform grid which 
conforn~ to the shape of the otolith membrane, and then generates a rectangular grid via general 
coordinate trA~rornmtions. The coordinate transfonnatious are applied to the partial differential 
equations and finite differences applied to the new rectangular g id with fixed boundary conditions. 
All three methods were used to simulate the membrane model on a digital computer. The numerical 
results are compared to evaluate the effectiveness of the coordinate transformation method. 
1. INTRODUCTION 
The otolith membrane is a part of the vestibular apparatus which is the primary organ of equi- 
librium, playing the major role in the subjective sensation of motion and spatial orientation. The 
vestibular apparatus tabilizes the eyes in space while the head is in motion, and brings about 
adjustment of the muscle activity and body position by its influence on the postural control 
system. 
The otolith membrane is a gelatinous ubstance which adheres to hair cells of the sense organ 
called the macula, which sends sensory information from the ear apparatus to the brain. Crystals 
of calcium carbonate called the otoconia dhere to the otolith membrane, and have a much higher 
specific gravity than the otolith membrane. 
When the head is in an upright position, the otolith membrane lies in a horizontal position. 
Tilting of the head causes shearing forces in the hair cells, which in turn cause distortion of the 
otolith membrane. By investigating the the physical distortion of the otolith membrane, some 
indication of compensating movements of the head for stabilizing the eyes and restoring balance 
can be obtained. This work is of interest in space exploration research in that it provides primary 
information on the effects to sensory apparatus from the different gravitational environments, 
which will be encountered in space. 
1.1. Description of Problem 
The partial differential equations which describe the displacement of the otolith membrane 
and the physical characteristics of the ear membrane model have been developed by [1]. Figure 1 
shows the region occupied by the otolith membrane. The generating equations for the segments 
ABC and ADB of the membrane boundary are 
x2 y2 
~ = 1, (1.1) 
0.009216 0.016384 
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Figure 1. Model boundary of otolith membraae. 
t = -0.084 - 0.5~ + 2.1701~~ + 54.25358, (1.2) 
respectively. 
The diiplacementa u and u within the membrane in the t and y direction, respectively, are 
governed by the system of partial differential equations 
1-V 6% $+-- 
2 6y2 + 
1+v 8% --=- 2 826~ (1.3) 
*+ l-v B2u 1+ Y B2u 
8nr2 
--=- 
2621+ 2 8X8V 
together with the Dirichlet boundary conditions 
4x9 Y) = u(x, u) = 0, (1.4) 
that is, u and u are zero for (x, y) satisfying Equation (1.1) on part ACB of the boundary or 
Equation (1.2). 
The model con&ants are the Poisson ratio (n = 0.5), density (r = 0.903 gm/cm’), and Young’s 
modulus (E = 200000 dynes/cmg). The maximum length of the membrane ia 0.255 cm and the 
maximum breadth ia 0.192 cm. 
The reference frame is situated such that the z-azis projects out the right ear, the yazia 
projects forward of the head, and the z-axis points vertically up the head. The otolith membrane 
liea horizontally in the z-y plane. The gravitational effects in the x and y directions are computed 
aa a function of the three angles of rotation, 
F(‘) = pg (sin (7) sin (a) + co8 (o) sin(p) co6 (y)) , 
F(z) = pg (sin (a) COB(~) - cw (a) sin (a) sin (Y)) , 
where a, B, and y are the angles of rotation about the z, y, and z axes, respectively. 
(1.5) 
1.3. Approach 
Two standard kite difference methods, due to Twiiell[2] and Smith [3], and an alternative 
grid generation/general coordinate transformation method, due to Caatillo [4-6] were ueed to 
solve Equations (1.3) with Dirichlet boundary conditions on a digital computer. Note that 
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the grid generation/generai coordinate transformation method is a variation of general finite 
difference schemes, and will be referred to as the variational method in this paper. In finite 
difference methods, the solution is represented by its values at a finite number of points, called 
mesh points. The use of finite difference methods are often preferred because they are easier to 
conceptualize and to implement. 
The first two methods use a standard grid overlay and perform a boundary extrapolation to 
nearest neighbors. The difference between these two methods is in the way they handle the 
boundary extrapolation. The variational method produces an optimized grid contained within 
the irregular egion suitable for general coordinate transformation. The transformed PDEs are 
then solved with a simple explicit finite difference scheme. 
1.3. Standard Grid Overlay Methods 
In the first two methods, a rectangular grid is placed over the region of interest as shown 
previously in Figure 1. The PDEs are then be descretized using a second-order accurate finite 
difference stencil derived from Taylor expansions. The resulting equations are solved for points 
which lie on the interior of the region by Successive-Over-Relaxation (SOR) [3]. 
The displacements u and v represent the otolith membrane displacements respectively in the z 
and y direction. Under a known gravitational force, they are determined by the partial differential 
equations (1.3). The corresponding finite difference approximations are 
l+v  l -v  ~ 
+ ~ (Vk_~,..-~ - 14+~,,._~ - v~_~,.,+~ + Vk+~,.,+x) = -~ F(x)  
(1.6) 
and 
1 -vVLm_ I . I .  1 2 ( ~_)  1 2h  ~ 2h"" T- ~'~ V~-l,m - ~y 1 + Vk,m + -~ Vk+l,m Vk,m+x 
l+v~.  l -v  2 
+ ~ ~uk-~,,.-~ - Uk+l,,.-~ - b'k_~,,.+~ + Uk+~,,.+~) = E F(=). 
(1.7) 
When the boundary of the irregular egion intersects the grid at mesh lines and not mesh points, 
the previous equations no longer can be directly used. Boundary extrapolation to neighboring 
mesh points which lie outside the region must be used for calculation of interior mesh points 
adjacent o the boundary. The first method of boundary extrapolation uses the linear Lagrange 
method proposed by Twizell [2]. The second method modifies the finite difference approximation 
and is based on the curved boundary method proposed by Smith [3]. 
Twizell [2] uses linear Lagrange interpolation to estimate function values at adjacent mesh 
points exterior to the membrane as shown in Figure 2. 
~ b  (1-r)h 
a c 
Figure 2. Lagrange xtrapolation to exterior mesh point c. 
The linear interpolation of point b is 
Ub --  rUa -I" (1 - r)U¢,  Vb = rVa -I" (1 - r )~ .  (1.s) 
Since U - V = 0 everywhere on the boundary of the membrane: 
r I" 
= - ?.)'a, Vc = - - -  V , .  (1 .9 )  
Uc 1 - r  1 - r  
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Figure 3. Smith extrapolatic~z to exterior mesh point c. 
In the iterative solver, the values at the external mesh points must be updated each iteration 
based on the constant extrapolation factor and based on the current value of the internal mesh 
point being computed. 
An alternative to the Lagrange interpolation is the finite difference approximation asdescribed 
by Smith [3]. 
Smith shows that Poisson's equation 
02u 02u Oz 2 + ~ = f(¢, y), (1.10) 
at the point 0 can be approximated by 
2UA 2UB 2U3 2U4 211 1 / 
0z(1 -t- 01) "{" 02(1 + 02) + (1 -t- Oz-~'-') + (1 + 0~--"~ i ~1 -I- ~ [To -- h2fo. (1.11) 
This stencil can be modified to accommodate interpolation i any of the four directions as follows, 
2UA 2UB 2Ua 2U4 
! ! -t O (l + o o3) o (1 + o2)o4 o3(1+ o o3) o4(I + o2o4) 
2 ~ + [To = h2f0. (1.12) 
There are several disadvantages to both interpolation schemes (Twizell and Smith). First, they 
are problem-specific. Changes in boundary conditions, grid refinement, and geometry require ex- 
teusive bookkeeping. The Lagrange interpolation scheme is only first-order accurate as compared 
to the finite difference approximation which is second-order accurate. Both methods can create 
numerical instabilities when the external mesh point is close to the boundary point. Finally, the 
finite difference scheme does not accommodate extrapolation along the diagonals for the 9-point 
stencil appearing in the otolith membrane problem. To accommodate his problem, Lagrange 
extrapolation was used along the diagonals. 
1.~. Coordinate Transformation via Variational Grid Ge,eration 
An alternative to the rectangular grid overlay method and it's corresponding difficulties on ir- 
regular boundaries i to use a grid generation and a general coordinate transformation method [7]. 
This is a coordinate transformation of the coupled PDEs, from physical space to a rectangular 
logical space where the resulting equations are decretized and solved over the simple rectangular 
mesh. As we found, this method is well suited for solving numerical partial differential equations 
over irregular geometries. 
A grid is generated over an irregular egion via a variational grid generation method eveloped 
by Castillo [4-6]. Figure 4 shows a seven-by-nine variational grid generated over the otolith 
membrane region. This grid generation approach controls three properties of the grid: grid 
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Figure 4. A 7-by-9 generated grid (variational method) .  
spacing, grid cell areas, and grid orthogonality. The PDEs are then transformed to general 
coordinates. The main point is that a transformation can be done so that the resulting descretized 
PDEs are symmetric and involve no boundary extrapolation to nearest neighbors. 
The differential equation can be written in terms of a partial differential operator L, whose 
coefficients are given in terms of a smooth symmetric matrix function ¢r = (q~j(x)): 
0 (° i , J (x ) (&f (z ) ) )  Lf(x) = ~ ~ 
i,j=l 
(1.13) 
If g = g(z) is a given smooth functions, then the partial differential equation for the scalar 
function f = f(~) is 
Lf = g. (1.14) 
The corresponding PDE in general coordinates i
L f = ~, (1.15) 
where now 
and 
where 
f(~) - f(x(~)), ~(~) = J g(x(~)), (1.16) 
- -  0 i 
*J 
~ 1 ~ Ct,i ~t,m Cmj, (1.18) 
I,m 
and J is the Jacohian of the transformation matrix [8]. The equations are then deseretized using 
central differences and solved on the rectangular grid using Successive-Over-Relaxation. 
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T&ble I .  Accelerat ion due to gravity on the surfaces of the Earth, Moon, Mars, V~m~i 
and Jupiter. 
su~r~ 9(c=/,.,c =) 
Earth 981 
Moon 162 
Mars 373 
Vemm 873 
Jupiter 2551 
2. RESULTS 
Three sets of numerical experiments were performed on the methods discussed in this paper 
and the results were then compared. To determine the magnitude of the ~ u m  displacement, 
the membrane was tilted 90 degrees and, thus applying maximum tangential (shearing) force to 
the membrane. The resulting node displacements axe shown in Figures 5a to 5f for rotations of 
90 degrees about the z and y axes. It should be noted that for this case the acceleration due 
to gravity is 981 cm/sec 2 for a simulation of earth gravity. The methods due to Twisell sad 
Cuti l lo gave very similar results while the implementation of Smith's method resulted in a larger 
displacement variance over the membrane. 
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Figure 5a. Figure 5b. 
In the second tests, the head was rotated about the z-axis from 0 to 360 degrees at 5 degree 
increments adopting the convention of denoting a positive or negative displacement when the 
computed value of v was positive or negative, respectively. Points 1, 10, and 23, previously 
shown in Figure 1, were chosen because of their distribution over the membrane. The results of 
the Twizell and variational methods axe shown in Figures 6a and 6b. Note that the differences 
between the two results axe negligible. 
The third test was done in order to simulate the effects of varying the gravity on the otolith 
membrane. Table 1 shows the values of acceleration due to gravity on the Earth, Moon, Mars, 
Venus, and Jupiter. The Membrane was rotated from 0 to 360 degrees in five degree increments. 
We retained the convention that podtive displacement corresponds to a positive displacement 
in  1;. 
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The results for the Twizell and variational method are shown in Figures 7a and 7b. Again the 
difference between the two results is negligible. 
3. CONCLUSIONS 
This paper describes three methods for solving the partial differential equations which model 
the distortion of the otolith membrane over an irregular region. These methods were implemented 
on a digital computer and their results compared. Two separate methods due to Twizell and 
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Castillo which displayed very similar results gives a high degree of confidence in our numerical 
implementations. Previous work in this area [4,5] produced results inconsistent with our findings. 
One major source of difference could be the representation f the otolith membrane boundary 
which varies among the previous literature. In our investigations, two major issues arose which 
extend the results to a method of choice when trying to solve a general PDE over an irregular 
region. They are the numerical implementation of the algorithm and stability issues related to 
how the irregular boundary values are handled. 
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Figure 7b. 
Implementation f the standard finite difference algorithms (Smith and Twizell) by far required 
the major portion of the time spent on this project. We found these methods to be very problem 
specific and required long and tedious coding sessions in order to implement the boundary ex- 
trapolation schemes. We could not find the source of difference between the Smith method and 
the other two methods. This can be attributed in an error in the program due to the complexity 
of implementing Smith's method or possibly some inherent boundary condition problem related 
to the problem of Lagrange extrapolation. The implementation of the variational method to 
the otolith problem was accomplished using a variational grid generation package (Castillo) and 
general coordinate transformation package for solving two-dimensional Poisson equations. The 
implementation and solution of the otolith problem took on the order of a day as opposed to 
weeks for the standard methods. This is attributed to the robust nature of the variational method 
briefly discussed in this paper. 
The other issue was the inherent instability in the extrapolation schemes of the standard 
methods. Calculation of mesh points located near the boundary created an unstable oscillation 
of displacement values for the standard methods. The instability of the Twizell method is most 
likely due to the flmt-~rder ~pproximation error inherent in Lagrange xtrapolation. For necessary 
convergence, points near the boundary were assume to be zero; We encountered no instability 
with the direct implementation f the variational method. 
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The inability to implement s standard finite difference scheme within a reasonable amount of 
time and the inherent stability problems with these standard methods has shown the valuable 
contribution of grid generation and general coordinate transformation. 
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